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GPDs: definition and properties

A N -1 x+& NS

.S p.s’ DS ps’
~_ ‘\_/'
t 1
FU= [ 4P (s a2 Wi=42, 32 a(32) [ ps) oL o

> kinematic variables:
x,& momentum fractions w.r.t. P = 1(p+p)
E=(p—p)"/(p+p)" plus-momentum transfer
in DVCS: (¢ =xp/(2—xB), x integrated over
t  can trade for transverse momentum transfer A =p’ —p
46%2m? + A2

t=—
1—¢2
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GPDs: definition and properties

x+& 7 NS

» nonzero for —1 <z < 1

> |z| > ¢ similar to parton densities

correlation % _¢ 4, 1¢ instead of probability |1),|?
|x] < & coherent emission of ¢ pair

> regions related by Lorentz invariance
spacelike partons incoming in some frames, outgoing in others

x+& /o Y Ex x+& /, \ X—&

-1 3 0 3 1
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GPDs: definition and properties
x+& 7 N x=E

>

ps p,s

N~ 7

t

Fl= [ L e (g s G(—32) W=L2, Lavta(32) | ps) o oo

= H a(p, s )y ulp,s) + B*a(p', ) gm0 (0 = paulp,5)

> proton spin structure:
H? < s =25 for p=p recover usual densities:

HQ(x,§=07t:O):{ *ggi)x) ;28

E?<¢s s+ s decouples for p = p’

> similar definitions for polarized quarks H? E° and for gluons
HY(z,6 =0,t =0) =xzg(z) forz >0

M. Diehl Introduction to perturbative QCD and factorization 4
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GPDs: definition and properties

= =

FO= [ 4 T (a3 Wi- 42, v a(32) [ .8) oLy oo

= H" a(p’, ')y ulp, s) + B a(p, s) Qfgpaﬂ‘(p —P)au(p, s)

> more precisely: for proton helicities (A, \)

q .y q

Fl_, o« H'+ {5 B

FY x et 1Al pa = azimuthal angle of A
N #A 2mp Y= g

> E? =0 needs orbital angular momentum between partons
AL? = 41 from helicity imbalance M. Burkardt, G. Schnell '05
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GPDs: definition and properties

x+& 7 N x=E

Fi= %ezwl:’ =S a(—32) W=32, 221y Ta(

ep — epy
[e]e}

|p’s>z+ =0,2z=0

= H"a(p, sy ulp,s) + B a(p, s) 5i-0 " (0 = pla ulp, 5)

» time reversal invariance —
Hq(m)€7t) = Hq($7 7€7t)

same for other distrib’s

M. Diehl Introduction to perturbative QCD and factorization
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GPDs: definition and properties
ps \_/ P’
t
Fl= [ 2 e (g o q(=32) W12, 3277 a(32) [ ps) o g Lo
= H"a(p,s')y ulp, s) + B a(p', ') gm0 (0 = p)aulp, s)

> Mellin moments: [drz™ — local operator — form factors
» can be calculated in lattice QCD

> fdx — vector current (0)7y " ¢(0)

>, €q [dx HY(z, &, t) = Fi(t) Dirac f.f.

>, €eq [dx EY(z, &, t) = Fa(t) Pauli f.f.

q

q

M. Diehl Introduction to perturbative QCD and factorization
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GPDs: definition and properties

DS
-~

1

Fi= %ezzP z <p 3’(1 )W[_%Z ]'Y qE ‘p’s>z+ =0, 2=0

= H"a(p,s')y ulp, s) + B a(p', ') gm0 (0 = p)aulp, s)
> Mellin moments: [drz™ — local operator — form factors

> [dzz"e wPTeT L, 6 (27) ~» operators with derivatives

» Lorentz invariance — polynomiality property
n

Jdoa™ T HY (x, 1) = 30 (26)" AL (1)
k=0
At = —2¢pt

M. Diehl Introduction to perturbative QCD and factorization
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GPDs: definition and properties

D:s

1

Fl= [ L eoP = (g | q(—32) W=z, 2y a(32) | 228) oy Lo

Tan

= H"a(p,s')y ulp, s) + B a(p', ') gm0 (0 = p)aulp, s)

> fdx:v — energy-momentum tensor
Jissumrule L[ dex(HT+ E7) = J(t)
J9(0) = total angular momentum carried

by quark flavor ¢ (helicity and orbital part)
recall: EY needs orbital angular momentum

for gluons: f_ll dx (H? + E9) = JI(t)

M. Diehl Introduction to perturbative QCD and factorization 9
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Model ansatze for GPDs (only a sketch)

typical general strategy
> use standard parton densities at input (or boundary conditions)

» ansatz for ¢ dependence
ensure that sum rules for H <+ F} and F <> F> satisfied
factorized ansatze like H(x,&,t) = h(x, &) Fi(t)
disfavored by theory and lattice results

> generate ¢ dependence so as to satisfy polynomiality
requires special constructions, e.g. double distributions

» check that positivity bounds satisfied
not always done, often only possible numerically

M. Diehl Introduction to perturbative QCD and factorization 10
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Double distributions and the D term

> f(B,a,t) = double distribution
> forward limit: [ do f(8,,0) = q(B)
» ensures polyomiality:

n—1

/dmac" YH(x, €, t) /dﬂda (B+a) " f(Bat) =D (2" Ani(t)

k=0

> misses power {" for H and E
for H+ E and H, E highest allowed power is £"

» add Polyakov-Weiss /D term
HDD(xagvt)—’_D(m/gat) EDD(:E7§7t)_D(m/'Sat)

gives power [dra™ 'D(z/¢,t) =¢" [daa™ ' D(a,t)

M. Diehl Introduction to perturbative QCD and factorization 11
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Localizing partons: impact parameter

> states with definite light-cone momentum p*
and transverse position (impact parameter):

lp*,b) = ﬁ [d*pe P |p*,p)

formal: eigenstates of 2 dim. position operator

» can exactly localize proton in 2 dimensions
no limitation by Compton wavelength

> and stay in frame where proton moves fast
~~ parton interpretation

» different from localization in 3 spatial dimensions
well-known for form factors; also for GPDs

ep — epry

(e]e]

Summary
o]

Belitsky, Ji, Yuan '03; Brodsky et al. '06

M. Diehl Introduction to perturbative QCD and factorization
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Localizing partons: impact parameter

> states with definite light-cone momentum p*
and transverse position (impact parameter):

lp*,b) = ﬁ [dpe P pt p)

formal: eigenstates of 2 dim. position operator

» b is center of momentum of the partons in proton

b— Zz p?bi
Zipj—

1=4q,q4,9
b ( )

consequence of Lorentz invariance: transverse boosts
P =kt ko k—kTv

. e . Noether
nonrelativistic analog: Galilei invariance "— center of mass

M. Diehl Introduction to perturbative QCD and factorization
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Impact parameter GPDs
for simplicity take £ = 0

— blackboard

Processes
00000

M. Diehl Introduction to perturbative QCD and factorization

ep — epy Summary
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(£ #0 and s # s later)

[e]
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Impact parameter GPDs
for simplicity take £ =0 (£ #0 and s # s later)
> g(z,b”) 2 [dPAe A HY (2,6 =0,t = —A?)
gives dlstrlbutlon of quarks with

e longitudinal momentum fraction z
e transverse distance b from proton center

> average impact parameter

(bZ>z B fd2b b? q(x,b%) 0

T [dbg(a,b?) ﬁlogH(‘”’gzo’t)‘t:O

> integrated over z ~- form factor

(v*) =

[dx [d®b b q(z,b®) 9
Tdx [ &b q(z, b2) =4 53 log F1 (1)

t=0

M. Diehl Introduction to perturbative QCD and factorization 15
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Impact parameter GPDs: £ # 0

DGLAP region ERBL region

4£2.2 2
» Fourier transf. w.r.t. A t = —%

» hadron center of momentum shifts because of
plus-momentum transfer

> key observable: ¢ dependence of cross sections at given £

M. Diehl Introduction to perturbative QCD and factorization 16
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Impact parameter GPDs: £ # 0

> especially simple for . = ¢
change to asymmetric variables: = and t =

> Fourier transf. w.r.t. A
~~ distance of struck parton from spectator system

in following concentrate on £ =0

M. Diehl Introduction to perturbative QCD and factorization 17
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Apples, oranges, and other fruit

form factor distribution (b?)
FY 2 €q(q—7) (0.66 fm)?
q
G® (0.71fm)? = (0.66 fm)> %
P
Ga Au+ At — (Ad+ Ad) (052 to 0.54fm)?

» in form factor integral parton distributions have average = ~ 0.2

> generalized gluon dist. at x = 1073 ~ (b?) = (0.57 to 0.60 fm)?
from J/¥ photoproduction at HERA

note'
4 5 log G(1) ‘/ , = squared impact parameter
6 :, og G(t) ‘ = squared radius

t=0

numbers: Gg and F; from Particle Data Group; G 4 from Bernard et al. '01

M. Diehl Introduction to perturbative QCD and factorization 18
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Lattice calculations

» results for GPD moments

Apnot) = [doa"'H(x,& =0,t) = [d?be®® [dra"tq(z,1?)

1 0.5
12 m,=498MeV, 20%, u+d 1 H
i _ '
1 o? z 0af "t : . .
8 3
Sos8 % E -
s " n ? {; % k Eosf n2 | 5 N : .
06 A
f Ap] Y& . ¥ I i Vo2 ¢ 4
0.4 Ago M é n=3 }
Ao o .
0.2 0.1
0.0
00 02 04 06 08 10 12 ol oz P

0.3
~t[GeV?] m? [GeV?]
black: L? = 283, grey: L3 = 203
LHPC Collaboration, arXiv:0705.4295

> steeper t slope for larger n
~ decrease of (b?), with =

M. Diehl Introduction to perturbative QCD and factorization 19
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Large =

» forx — 1getb— 0
nonrel. analog:
center of mass of atom

» <t dependence becomes flat

> d=0b/(1—x)
= distance of selected parton from spectator system
gives lower bound on overall size of proton

» finite size of configurations with z — 1 implies
(t*)e ~ (1 —x)?

M. Diehl Introduction to perturbative QCD and factorization 20
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» partons with smaller x — broader in b

» Gribov diffusion: parton branching as random
walk in b space

— () x o' log(1/x)

» Regge phenomenology: simplest ansatz

T

Processes ep — epn Summary

00000 (e]e] [e]

1 a0+a’t B ,
H(ZC,£ _ O,t) ~ etB <7) -2 aoeta log(1l/z)+tB

> is effective power-law in limited range of = and ¢ at given p?
> works well in fits of forward parton distributions
> used in GPD models with further ansatz to generate £ dep’ce
» for gluons o’ ~ 0.15GeV ™2 from HERA J/¥ production
barely known: value for valence and sea quarks, interplay with gluons

M. Diehl Introduction to perturbative QCD and factorization 21
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Large b

» prediction from chiral dynamics
(b%) ~ 78T /by with & ~ 2m, = (0.7 fm) ™

. virtual
sets in for z <my,/my
~

. . . 2
for larger x pion virtuality > m3

Ch. Weiss et al

M. Diehl Introduction to perturbative QCD and factorization 22
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Now add spin

> E < nucleon helicity flip  (}|O|1)
<> transverse pol. difference |X=+) = %( [T £ 4))

(X+[01X+) — (X=|0]X=) = (1[O[1) + {LIO] 1)
> quark density in proton state | X+) shifted in y direction:
b’ 0
i _ 2 2
q"(z,b) = q(z,b”) — poege TR e?(z,b%)

e?(x,b) is Fourier transform of E(x,& = 0,t)
derivative from Fourier trf. of
1AY

R q = = — 2
2mE(w,€ 0,t A7)

M. Diehl Introduction to perturbative QCD and factorization 23
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Now add spin

> E < nucleon helicity flip  (}|O|1)
<> transverse pol. difference |X=+) = %( [T £ 4))
(XHO[X+) — (X=|0]X=) = (T[O]) + (L[O]1)
> quark density in proton state | X+) shifted in y direction:
b’ 0

T _ 2y Y Y g 2
¢ (z,b) = q(x,b") — — =75 e*(2,b7)

e?(x,b) is Fourier transform of E9(z,& = 0,1)

» semi-classical picture: rotating matter distribution

© -

> gives alternative view on Ji's sum rule L* = bYp~

M. Burkardt '05

M. Diehl Introduction to perturbative QCD and factorization
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(d — d) density in transverse plane
x=0.3

x=0.05

quark density in proton
state | X+)

qﬂ(‘rab) = Q(m7b2)
Yy
Yo e?(z,b%)

is shifted
05 0 05 1fm

-1 -0.5 0 05 1fm -1
GPD model from MD, Th Feldmann, R Jakob, P Kroll '04

» from p and n magnetic moments r, = % 5
[dz E*(,0,0) = F5'(0) = " ~ 1.67
[ dz E%(z,0,0) = F5(0) = k* = —2.03

~~ large spin-orbit correlations for ¢ — ¢

> size of effect for sea quarks and gluons ~~» wait for EIC

M. Diehl Introduction to perturbative QCD and factorization 25
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» density representation

b 0
i _ 2y _ 7 q 2
0" (@,b) = q(w,6%) — s ' (w,b?)

gives positivity bound M. Burkardt '03
El(z,6 =0,t =0)| < q(z)my/(b*)s

have more restrictive bounds involving polarized distributions
= FE? must fall faster than H? at large =

» E < orbital angular momentum
= not carried by partons with large z

M. Diehl Introduction to perturbative QCD and factorization 26
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The proton spin budget

> Ji'ssumrule: § = J9+ > J¢ with

q
J'=1% [dex(H'+ EY|—o  J? =3 [do(H +E)|
£=0 £=0
» further decompose J? = L + %E and JY = LY 4+ Ag
with ¥ and Ag from ordinary parton densities Yis ~ 25%
operator interpretation of LY nontrivial
> alternative decomposition £ = 77 + > J¢ Bashinski, Jaffe 98

with 79 = L%+ Ag and J? = L7+ 1%
> J94£JY L9#£ L7 and J9 £ T

M. Diehl Introduction to perturbative QCD and factorization
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The proton spin budget

> Ji'ssumrule: § = J9+ > J¢ with
q

Summary

[e]

J'=1% [dex(H'+ EY|—o  J? =3 [do(H +E)|
£=0 £=0
» further decompose J? = L + %E and JY = LY 4+ Ag
with ¥ and Ag from ordinary parton densities S =~ 25%
operator interpretation of LY nontrivial
> alternative decomposition £ = 77 + > J¢ Bashinski, Jaffe 98

> ambiguities in decomposition reflect difficulty to separate

e ‘“quark” from “gluon” contrib's in presence of interactions
gluon field contains physical and unphysical (gauge) d.o.f.
e ‘“intrinsic” from orbital angular momentum

similar issues already in QED

there need not be a unique choice

many theory papers, see e.g. discussion by K-F Liu, C Lorcé 2015

M. Diehl Introduction to perturbative QCD and factorization
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The proton spin budget

> Ji'ssumrule: § = J9+ > J¢ with
q

= fdua(H 4 B oy 9= 4 [ de (17 + )]

» further decompose J? = L + %E and JY = LY 4+ Ag

with 3 and Ag from ordinary parton densities s

operator interpretation of LY nontrivial

Summary

[e]

> lattice ~~» X and J? J¥ difficult, Ag probably impossible

e directly get integrals over x at £ =0

> exclusive processes ~» GPDs ~» J? and (more difficult) JY
e exclusive (and inclusive) processes: [ dz difficult
e measure at £ # 0
e but direct access to = dependence of E%9(x,z,t)

M. Diehl Introduction to perturbative QCD and factorization
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Some lattice estimates at scale = 2GeV

» QCDSF, M. Ohtani et al. '07
J* =0.230(8) J4 = —0.004(8)
L = 0.025(27)

» LHPC, J.D. Bratt, Ph. Hagler et al. '10
J*=0.236(6)  J%=0.0018(37)
L = 0.056(11) or 0.030(12)

» C. Alexandrou et al. '17
J* =0.308(38)  J?=0.054(38)
LT = 0.140(55)

» still important systematic uncertainties

> general trend: J* >0, J%~0

ep — epy
(e]e]

L* <0, L*>0 and L"+ L%~ 0 or smallish

> small 2" does not mean absence of orbital angular momentum

M. Diehl Introduction to perturbative QCD and factorization
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Evolution
» for non-singlet combinations (e.g. ¢ — q or u — d)

2 d

i — H"S(z,¢,1) /dx VNS (2,2, &) HNS (o, ¢, 1)

> for singlet Zq(q + @) : matrix equation for mixing with gluon GPD

> same evolution for E (independent of proton spin)

x+g / \ x—E
generalization of DGLAP
evolution to £ # 0
recover usual DGLAP for £ =0
x+& /41 E—x

ERBL evolution as for
meson distribution amplitudes

M. Diehl Introduction to perturbative QCD and factorization 31



Properties Impact parameter Spin Evolution Processes ep — epy Summary
[e]e]e} 00000000 00000 ° 00000 (e]e] [e]

Evolution
» for non-singlet combinations (e.g. ¢ — g or u — d)

2 d

12 TMZHNS(:Z%g?t) :/dm/ VNS(x7xl7€)HNS(x/7€7t)

> for singlet zq(q + @) : matrix equation for mixing with gluon GPD
» same evolution for E (independent of proton spin)

» evolution local in ¢ (take —t < p? to be safe)
Fourier trf ~~ evolution local in b (take 1/ < b to be safe)

> for £ = 0: ¢(z,b?) fulfills usual DGLAP evolution equation

2 d_ 2 _/1@ z 2
e ans(z,b%) = = PNS(Z)QNS(Z,Z?)

M. Diehl Introduction to perturbative QCD and factorization 32
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Evolution
» for non-singlet combinations (e.g. ¢ — ¢ or u — d)
d s s s
W w60 = [ d VS BN )
> for singlet zq(q + @) : matrix equation for mixing with gluon GPD
» same evolution for E (independent of proton spin)

» evolution local in ¢ (take —t < p? to be safe)
Fourier trf ~~ evolution local in b (take 1/ < b to be safe)

> average impact parameter

_ J&bPa(a,b)

(%) [ d2b q(z,b?)
evolves as
W) = Pus (2) ans (2)[ (8 — ().

M. Diehl Introduction to perturbative QCD and factorization 33
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Key processes involving GPDs

> deeply virtual Compton scattering (DVCS)

v v ¥ :I o ¥

also: vp — v*p with v* — £1¢~ (timelike CS)
v*p — v*p (double DVCS)

> meson production: large Q2 or heavy quarks

ke v
ﬁlﬂ:p, o EMq’, )

M. Diehl Introduction to perturbative QCD and factorization
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DVCS amplitudes and GPDs

> twist-two amplitudes involve 4 four GPDs per parton Y Y

e H, E: unpolarized quark/gluon
e H,FE: long. pol. quark/gluon

» for photon helicity conserving amplitudes write

e 2A(Y'p = ) = ae )y ulp) H+ a(p) 50" (0 — plaulp) €

’

~ _ + ~
+a(p )y ysulp) H+ a(p') Yo ysulp) €

e Compton form factors 'H,S,?—Nl,g depend on &, t,Q?
e representation holds for any @2, not only at twist two

» at leading twist and LO in as,

! 1 1
_ 2 _ q
’H—Eq 6q/,1dw{§—:c—i5 € x—iEH(x’f’t)

same kernels for E, different set for H, E

M. Diehl Introduction to perturbative QCD and factorization 35
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Aside: imaginary and absorptive part

> scattering matrix S: | X)in = S|X)out
~» transition amplitude out (f]%)in = out (f|S])out
> Sis unitary: ST =1 — blackboard

M. Diehl Introduction to perturbative QCD and factorization 36
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Aside: imaginary and absorptive part

> scattering matrix S: | X)in = S| X )out
~> transition amplitude out{f]%)in = out (f|S]%)ous
S is unitary: ST§ =1
» S=144T ... leave out factors 27 etc.
S unitary = H(T =T =TT
> absorptive part: T(f|T — T|i) = 3 (f|T1|X)(X|T]i)
on-shell intermediate states possible between i and f

in simple cases and with appropriate phase conventions:
absorptive part = 2 X imaginary part of amplitude

v

» for f =i get optical theorem

20mi|Tli) = 3 [(X]T18)|? o otor

M. Diehl Introduction to perturbative QCD and factorization

ep — epry

(e]e]

— blackboard

Summary
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Real and imaginar art for brevity suppress €2 and arguments t, Q2
q

q

1

e = [ oo —|

4 ﬁ—x—ia_ﬁ—i—m—izs

ImH(€) = w[H(E,€) — H(—¢,€)]

1
ReH(f):PV[lde(x,g) Lix - 541%}

» Im only involves H at z = +£ at LO
at NLO and higher: only DGLAP region |z| > ¢
> Re involves both DGLAP and ERBL regions

» deconvolution problem:
reconstruction of H(z,&; u?) from H(&, Q%) only via Q* dep'ce
i.e. via evolution effects, requires large lever arm in Q7 at given &

M. Diehl Introduction to perturbative QCD and factorization 38
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Why DVCS?

» theoretical accuracy at NNLO

» very close to inclusive DIS
power corrections empirically not too large, in part computed

M. Diehl Introduction to perturbative QCD and factorization 39
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Why not only DVCS?

000
>
>
>
M. Diehl

theoretical accuracy at NNLO

very close to inclusive DIS

ep — epy
[e]e}

power corrections empirically not too large, in part computed

C 4 1 1
only quark flavor combination gu + gd + §§
with neutron target in addition 5d+ su+ &s

gluons only through Q? dependence
via LO evolution, NLO hard scattering
most promonent at small z, £

Introduction to perturbative QCD and factorization

Summary
o]
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Why not only DVCS?

» theoretical accuracy at NNLO

» very close to inclusive DIS
power corrections empirically not too large, in part computed

» only quark flavor combination %u + %d + %s
with neutron target in addition 5d+ su+ &s

> gluons only through Q2 dependence
via LO evolution, NLO hard scattering
most promonent at small z, £

e useful to get information from meson production
»eg Aoox2(uta)+3(d+d +32g
Ag x 2(s+3)+1g
» but theory description more difficult
meson wave function, larger corrections in I/Q2 and o

» J/W production: directly sensitive to gluons

M. Diehl Introduction to perturbative QCD and factorization

Summary
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Deeply virtual Compton scattering

» competes with Bethe-Heitler process at amplitude level
Y
% H;f ¥ ¥
p— —vr ’

» analogy with optics:

e DVCS ~ diffraction experiment
e BH ~ reference beam with known phase

M. Diehl Introduction to perturbative QCD and factorization 42
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Deeply virtual Compton scattering

» competes with Bethe-Heitler process at amplitude level
< e
p— —r r p P’
» cross section for {p — {vp
dovcs ) dogu 11

dep dQ2di * drpdQdt ~ o2 Q2

p

| =
S
M

» 1/Q* and 1/t from photon propagators
1/y? from vertex e — ey*

» small y: ovcs dominates ~- high-energy collisions
moderate to large y:  get VCS via interference with BH
~ separate Re A(y*p — vp) and Im A(y*p — vp)

M. Diehl Introduction to perturbative QCD and factorization 43
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» filter out interference term
using cross section dependence on

beam charge e,

azimuth ¢

beam polarization P,

target polarizaton Sr,, St, ¢s

v vyVvVYyy

> general structure:

do(bp — lyp) ~ do®" + ey do’ + do©

% H::;Y Y M,y
P i

A -/ ) A— i

M. Diehl Introduction to perturbative QCD and factorization
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Summary of part 4
> generalised parton distributions:
extend factorisation concept to exclusive processes
» factorisation of amplitude instead of cross section

access to transverse spatial distribution of partons
and to orbital angular momentum

M. Diehl Introduction to perturbative QCD and factorization

Summary
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